Consider the following nonautonomous nonlinear delay differential equation:
Introduction
Let us consider the following nonautonomous nonlinear delay differential equation 
(t) a(s) ds) − 1 inf t t 0 a(t)
, and μ = exp inf Note that by assumption (1.2), 1 < μ < +∞ and 0 < λ < +∞.
Concerning the autonomous case of (1.1) that a(t) ≡ 0, a i (t) ≡ a i , 0 i m, and f (x) = x, λ = ( m i=0 a i )τ and μ = 1, and there are many papers on a condition λ < 3 2 of global asymptotic stability for the zero solution of (1.1), for instance, Yorke [1] , Yoneyama [2, 3] , Muroya [4] for m = 1 and Krisztin [5] for distributed delays (see also Arino et al. [6] , Györi and Ladas [7] , Kulenovic et al. [8] and Yoneyama and Sugie [9] ).
On the other hand, for the autonomous case of (1.1) that a(t) ≡ 0 and f (x) = e x − 1, by Gopalsamy et al. [10] , it was obtained a condition λ = r(m + 1) log 2 of global asymptotic stability for the zero solution of (1.1), where each a i (t) is a constant ra i with m i=0 a i = 1 and each τ i (t) is a piecewise constant delay [t − i], 0 i m (cf. Gopalsamy [11] ). Here, [t] means the maximal integer not greater than t. By So and Yu [12] , this condition was improved to λ = sup n m n+1 n−m r(s) ds 3 2 for variable coefficients a i (t) = r(t)a i , 0 i m, with m i=0 a i = 1 (see also Yu [13] and Zhou and Zhang [14] , and cf. Furumochi [15] , Seifert [16] and Matsunaga et al. [17] for a piecewise constant delay). For a nonautonomous Lotka-Volterra competition system with distributed delays but without instantaneous negative feedbacks, Tang and Zou [18, 19] established some 3/2-type criteria for global attractivity of the positive equilibrium of the system. Applying the similar techniques in So and Yu [12] to the above nonautonomous nonlinear delay differential equation (1.1) for the special case a(t) ≡ 0, Muroya [20] established conditions of the global asymptotic stability for the zero solution.
Recently, introducing the generalized York conditions, Liz, Tkachenko and Trofimchuk [21] have determined an important family of scalar functional differential equations for which a simple criterion of global attractivity was found. They consider the scalar functional differential equatioṅ
where it is assumed that f : R × C[−h, 0] → R is a measurable function satisfying the following additional condition (H):
(H1) f satisfies the Carathéodory condition, and for every q ∈ R, there exists θ : 6) and
Liz, Tkachenko and Trofimchuk [21] established the following nice result.
Theorem A. Assume that (H) holds and let x : [α, ω) → R be a solution of (1.5) defined on the maximal interval of existence. Then ω = +∞ and x is bounded on [α, +∞). If, additionally, the following condition holds: Note that the rational function r(x) = ax/(1 + x) played a key role in their constructions. In this paper, expanding the techniques in Muroya [20] to the above nonautonomous nonlinear delay differential equation (1.1) with (1.2) and (1.3), we establish conditions of the global asymptotic stability for the zero solution (see Theorem 2.1).
In particular, applying the similar techniques in Tang and Zou [18, 19] and Muroya [20] to a special wide class of f (x) which contains two cases f (x) = e x − 1 and f (x) ≡ x, we give more explicit conditions which are some extension of the "3/2-type criterion" (see Theorems 1.1 and 2.2). For an application, we also offer new conditions of the global asymptotic stability for solutions of discrete models of nonautonomous delay differential equations (see Theorem 2.3).
According to Muroya [20] , as a wide class of f (x) which satisfies (1.3), we take
where
0 T (z) dz > 0 and f (0) = 1. In particular, corresponding to a condition (2.10) in Lemma 2.4, we can take
where γ 1 and γ 2 are constants such that
Then, for x > 0, we obtain that 12) and for x < 0,
In this case, we can see that if
Note that for the cases f (x) ≡ x defined by (1.11)-(1.13), we may restrict our attention to a special function f (x) = e x − 1 (see Lemma 2.5). Moreover, it holds that for x < 1, e x − 1 r(−x) = x/(1 − x) with a = −1 (cf. Liz, Tkachenko and Trofimchuk [21] ).
To the cases that we can choose this special wide class of f (x), we obtain our main result in this paper as follows. Obtained results are direct extensions of those of Muroya [20] to nonautonomous separable nonlinear delay differential equations (1.1) with a(t) > 0. Applying these and techniques in Tang and Zou [18, 19] , some improved 3/2-type criteria for global asymptotic stability for solutions of nonautonomous Lotka-Volterra systems with delays is obtained (see Muroya [22] ).
Global stability for nonautonomous nonlinear delay differential equations
In this section, we first consider global stability conditions for solutions of a nonautonomous nonlinear delay differential equation (1.1) with (1.2) and (1.3).
Applying the techniques used in So and Yu [12] , we obtain the following lemmas and theorem (see Lemmas 2.1, 2.2 and Theorem 3.1 in So and Yu [12] ). Lemma 2.1. Let y(t) be the solution of (1.1) with (1.2) and (1.3). If y(t) is eventually greater (respectively less) than 0, then y(t) is eventually decreasing (respectively increasing), and lim t→∞ y(t) exists and it holds lim t→∞ y(t) = 0.
Proof. Assume that y(t) is eventually greater than 0. Then, by (1.1), we have eventually
which implies that y(t) is eventually decreasing, and so lim t→∞ y(t) exists. Set
Suppose α > 0. Then, there existst 1 t 0 +τ such that
since y(t) eventually decreases to α. Using this and (1.1), we have
Thus, we have
Integrating fromt 1 to t, we have
which implies, due to a(t) a > 0 and
This contradicts α > 0. Hence, lim t→∞ y(t) = 0. The case that y(t) is eventually less than 0, is similar, and hence the proof is complete. (1.1) which is oscillatory about 0, is bounded above and below.
By Lemma 2.1, hereafter, we restrict our attention to the case that a solution y(t) of (1.1) considered, is oscillatory about 0. Then, by Lemma 2.2, y(t) of (1.1) is bounded above and below.
For λ,ū,v > 0, we define that F (0, λ) = G(0, λ; λ * ) = 0 and for 0 < u <ū and 0 < v <v,
and for a constant λ * > 0,
The following lemma is a basic result in this paper. 
Proof. In view of Lemma 2.1, it suffices to prove the case that a solution y(t) of (1.1) is oscillatory about 0. Consider a solution y(t) which is oscillatory about 0 and for x(t) = f (y(t)) put (2.5). For any > 0, choose an integer T = T ( ) > t 0 such that 1)-(1.3) , we have
which implies that there exists ξ n ∈ [τ (T n ), T n ) such that y(ξ n ) = 0 and y(t) > 0 for t ∈ (ξ n , T n ].
Then, x(ξ n ) = 0 and x(t) > 0 for t ∈ (ξ n , T n ]. For T t ξ n , by integrating (2.7) from t to ξ n , we get Hence, for t ∈ [ξ n , T n ], by (1.2), τ (t) τ (T n ) ξ n , and In particular, for λ < λ * , we put h n = ξ n . Then, by (2.3),
On the other hand, for λ λ * , since 0 λ − λ * λ, we take h n as λ − λ * = μ 
Thus, for λ λ * ,
Then, letting n → ∞ and → +0, we obtain the first part of (2.6). Similarly, for the increasing sequence {S n } ∞ n=1 such that S n T + 2τ , x (S n ) = 0, x(S n ) < 0, lim n→∞ x(S n ) = −v and lim n→∞ S n = +∞, there exists η n ∈ [τ (S n ), S n ) such that y(η n ) = 0 and y(t) < 0 for t ∈ (η n , S n ], and for T t η n , by integrating (2.8) from t to η n , we obtain that 
Then, from
Then, we see that
Hence, we have
Thus, for λ > 0,
and we obtain the second part of (2.6). This completes the proof. 2
By Lemma 2.3, we obtain a general result in this paper as follows.
Suppose that there are constants λ * andλ > 0 such that for (2.3)-(2.6), system of inequalities Proof. Similar to the proof of Lemma 2.3, we can easily prove the uniform stability of the zero solution for (1.1). Therefore, it suffices to prove that for λ λ , (2.10) implies u = v = 0. Suppose that u,v > 0. Then from (2.6), we have that for λ λ ,
Thus, by assumptions, we have that u = 0 or v = 0, each of which implies u = v = 0 by assumption (2.6). Hence the proof of Theorem 2.1 is complete. 2
For the zero solution of (1.1) with (1.2) and (1.3), by Theorem 2.1, we provide globally asymptotically stable condition that (2.10) implies u = v = 0 which is able to investigate by computations. Now, for a selection of f (x) in (1.3), we give a useful lemma. 11)-(1.13) .
Lemma 2.4. Assume that for
Moreover, we can easily obtain the following lemma.
Lemma 2.5. In (1.1)-(1.4) , assume that f (x) ≡ x is defined by (1.11)-(1.13). Put
13)
where forf (x) = e x − 1,
Proof of Theorem 1.1. By Lemmas 2.1, 2.2 and 2.5, it is sufficient to prove the special case f (x) = e x − 1 in (1.1)-(1.3) and the case that solution y(t) of (1.1) is oscillatory about 0. Then, by Lemma 2.2, y(t) is bounded above and below, and by Lemma 2.3, we have (2.6). For f (x) = e x − 1, we may takev = 1 in (2.5) and put λ * = 1 + v 2 in (2.4) andλ = 3 2 . Since for 0 < v < 1,
we have that
Then, similar to Muroya [20, p. 1921] , we have that for 0 < v < 1 and
and for 0 < v < 1 and 1
Thus, for 0 < v < 1 and λ
Therefore, by (1.12) and (2.5),
So, by (2.5), we may takeū = 2. Similarly, for 0 < u <ū, we obtain that
and by (2.3),
Then, similar to Muroya [20, p. 1922] , we have that for 0 < u <ū and λ <
, and for 0 < u <ū and
Hence, for 0 < u <ū and λ 
which is a contradiction. Hence we have v < u. As a result, for 0 < u <ū and 0 < v < 1, we obtain the following system of inequalities:
Now, for 0 < v < 1, consider the following equation of v:
Then, similar to Muroya [20, p. 1922 ], for u = P (v), we have that 
By assumptions, there are increasing sequences {T n } ∞ n=1 such that
implies that there exists η n ∈ [τ (S n ), S n ) such that y(η n ) = 0 and y(t) < 0 for t ∈ (η n , S n ].
Since for 
Now, consider the following function Q(p; v 1 , λ) of p:
Similarly, we obtain that y(S n ) − max( These imply that for λ 1 2 + μ, y(t) is bounded above and below, and for λ < 1 2 + μ, the zero solution of (1.1)-(1.3) is globally asymptotically stable. Hence, the proof is complete. 2
Applications
Consider the following nonautonomous difference equation (cf. Tkachenko and Trofimchuk [23] ):
x(n + 1) = qx(n) + Thus, by Theorem 2.2 and Corollary 2.1, we obtain the following two theorems. Then, the zero solution of (3.1) is globally asymptotically stable. 
